In this paper, we define F-contractive type mappings in b-metric spaces and prove some fixed point results with suitable examples. F-expanding type mappings are also defined and a fixed point result is obtained.
Introduction
In 1922, Banach [7] proved a fixed point theorem for metric spaces, which later on came to be known as the famous "Banach contraction principle". Since then generalizations of the contraction principle in different directions as well as many new fixed point results with applications have been established by different researchers (refer to [6, 8, 12, 14-18, 22, 29, 32-35, 37, 38] ).
It is a well-known fact that every Banach contraction is continuous. In 1968, Kannan [27] proved the following independent result without assuming the condition of continuity of the mapping.
Theorem 1.1 ([27]) Let (X, d) be a complete metric space and T : X − → X be a mapping such that d(Tx, Ty) ≤ p d(x, Tx) + d(y, Ty)
for all x, y ∈ X and 0 ≤ p < 1 2 . Then T has a unique fixed point z ∈ X, and for any x ∈ X the sequence of iterates {T n x} converges to z.
This result shows that there exist contractive mappings with a unique fixed point which is not necessarily continuous. Incidentally, the result of Kannan also gave a characterization of the metric space (X, d) in terms of the fixed point of T. This was shown by Subrahmanyam [44] in 1975, by proving that a metric space is complete if and only if every Kannan mapping has a unique fixed point.
In 1989, Bakhtin [6] introduced the notion of b-metric spaces, which was formally defined by Czerwik [14] in 1993 with a view of generalizing Banach contraction principle. There are many authors who have worked on the generalization of fixed point theorems in b-metric spaces (refer to [24, 26, 28, 43] and the references therein). However, unlike the normal metric the b-metric d is not continuous in the topology generated by it (for instance, refer to Example 2.6 of [36] ). The problems that arise in proving fixed point results due to the possible discontinuity of the b-metric can be fortunately managed with the following lemma. In 2012, Wardowski [46] introduced a new type of contraction called F-contraction (also called Wardowski contraction [21] ) and proved a fixed point theorem concerning F-contractions. Since then much work has been done on the fixed point theory of Fcontraction mappings and their extensions (refer to [25, 30, 31, 39, 42, 45, 47] ).
In this paper, we present some results on fixed point theory in b-metric spaces considering a new type of mapping which is a combination of F-contraction by Wardowski [46] as well as Kannan contraction [27] mappings. We also try to develop a fixed point existence results for such type of expanding mappings on b-metric spaces.
We start by defining some of the terms used in this paper. [8, 40] . There follow two other examples:
It can easily be seen that d is a b-metric on X and so, (X, d, s) is a b-metric space with s = 2. 2. Let X = {1, 2, 3, 4} and define d : X × X − → [0, ∞) as follows:
Then d is a b-metric with s = 2.
The class of b-metric spaces is larger than that of metric spaces as there are b-metric spaces which are not a metric space (refer to the examples in [24, 26, 43] ), and a metric space is a b-metric space with coefficient s = 1. Moreover, the notion of convergent sequence, Cauchy sequence, completeness, etc. can as well be defined accordingly in bmetric spaces. 
for all x, y ∈ X.
In 2015, Cosentino et al. [13] introduced the following condition in Definition 1.5 to obtain some fixed point results in b-metric spaces. In this paper, we also use this extended definition with the following condition added to Definition 1.5:
(F4) Let s ≥ 1 be a real number. For each sequence {α n } n∈N of positive numbers such that τ + F(sα n ) ≤ F(α n-1 ) for all n ∈ N and some τ > 0, then
In [3] , Alsulami et al. defined a generalized F-Suzuki type contractions in a b-metric space (X, d, s) as a mapping T : X − → X such that there exists τ > 0 and for all x, y ∈ X with x = y, 
and
for all x, y ∈ X. 
+ log x and F 3 (x) = log(x 2 + x) (refer to [13, 30] ).
For the class of F-contractive type mappings with F(x) = log x, the conditions (1) and (2) reduce to the following conditions:
Since F is an increasing function, it is easily seen that every F-contraction mapping is a contraction mapping and hence continuous (refer to [46] ). However, every F-contractive type mapping need not be continuous as is shown in the following example.
Then T is discontinuous at x = 2. Let F(x) = log x. For x = y and x, y > 2, (3) holds for e -3τ = 1 16 or τ = 4 ln 2 3
. On the other hand, if x > 2,
Thus, (3) and (4) holds for e -3τ = 1 2 or τ = . Hence T is an F-contractive type mapping which is not continuous.
In a b-metric space (X, d, s), a mapping T : X − → X is said to be a Picard operator [41] if it has a unique fixed point z ∈ X and the Picard iteration {x n } ∞ n=0 defined by x n+1 = Tx n , n = 0, 1, 2, . . . , converges to z for any x 0 ∈ X.
Main results
In [46] , Wardowski proved the following fixed point result for F-contraction mappings in complete metric spaces.
Theorem 2.1 ([46]) Let (X, d) be a complete metric space and let T : X − → X be an Fcontraction. Then T has a unique fixed point x
* ∈ X and for every x 0 ∈ X the sequence
Here we establish a similar type of result for F-contractive type mappings in a b-metric space by appealing to a lemma given in [30] which is also found in [13] . For the following results, the b-metric need not be continuous.
Theorem 2.2 Let (X, d, s) be a complete b-metric space and let T : X − → X be an Fcontractive type mapping. Then T is a Picard operator.
Proof Let x 0 ∈ X be an arbitrary (but fixed) and consider the sequence {x n }, where x n = Tx n , n ∈ N. Denote d(x n , x n+1 ) by μ n and suppose that μ n > 0 for all n ∈ N. Then since T is an F-contractive type mapping and Tx n = x n for all n ∈ N, we have
By condition (F4), we have
and hence, by induction,
In the limit as n → ∞, we get
From condition (F3), there exists k ∈ (0, 1) such that
Multiplication of (5) with (s
Taking the limit as n → ∞, we get 
Also, using (1), we have for all
Hence, in the limit as n → ∞, we get (
This implies
Since the convergent sequence {x n } converges to both z and Tz, it must be the case that
To show the uniqueness of the fixed point, let, if possible, z be another fixed point of T with z = z . Then from (2)
which is a contradiction. This proves the result.
Example 2.3 Let X = R which is complete with respect to the b-metric d(x, y) = |x -y| 2 for all x, y ∈ X. For some k ∈ R, consider the constant function Tx = k for all x ∈ R. Then it is easy to check that T is an F-contractive type mapping for 0 ≤ p < 1. So, by Theorem 2.2, T has a unique fixed point. Clearly, k is the unique fixed point for T here. Also, we have seen that the function T given in Example 1.8 is an F-contractive type mapping and hence by Theorem 2.2, T has a unique fixed point, which is x = 1 in this case. 
is complete with s = 1. Let the mapping T : X − → X be defined by
It is easily seen that T is not continuous at x = 1. Now, for x, y ≥ 2 and x = y, we have
Again, if x ∈ [0, 1) and y ≥ 2 (or conversely)
Also, for x ∈ [0, 1),
And, for x ≥ 2, . Thus T is an F-contractive type mapping and, by inspection, we see that T has a unique fixed point x = 1 2 .
Corollary 2.5 Let (X, d, s) be a complete b-metric space and T : X − → X be a mapping such that, for some
where n is a positive integer. Then there exists a unique fixed point of T.
Proof Applying Theorem 2.2 to the self-mapping S = T n , we see that S has a unique fixed point, say z, so that
and so Tz is a fixed point of S. By the uniqueness of the fixed point of S, we get Tz = z. Example 2.6 We consider the same b-metric space (X, d, s) as in Example 2.4, which is complete. Consider the function T : X − → X defined by
It is easily seen that T is continuous. By a simple computation (refer Example 2.4), we see that T is an F-contractive type mapping with F(x) = log x. So, by Theorem 2.2, T has a unique fixed point in X, which is clearly x = 1 2 here.
Remark 2.7 It is interesting to note that the function T as given in Example 2.6 ceases to be an F-contractive type mapping with F(x) = log x if the metric is replaced by the b-metric
in which case the b-metric space (X, d, s) has coefficient s = 2.
Example 2.8 Consider the b-metric space (X, d, s), where
which is complete with s = 2. Consider the function T : X − → X defined by
Then, by a similar computation to Example 2.4, it is seen that T is an F-contractive type mapping and, by Theorem 2.2, it has a unique fixed point, which is x = 1 2 .
In [12] , Cobzas outlined the proof of the first characterization of completeness in terms of contraction by Hu [23] . In the following we present a similar result for F-contractive type mappings in b-metric spaces. It may also be mentioned here that the same result also holds true for Kannan F-contractive type mappings, which will be defined later.
Theorem 2.9 For a b-metric space (X, d, s), if for every closed subset Y of X every Fcontractive type mapping T : Y − → Y has a fixed point, then X is complete.
Proof Consider a Cauchy sequence in X. If it has a convergent subsequence, then it is convergent. Suppose that this is not the case, then
Here, we note that β(x n ) ≤ β(x m ) for m ≥ n. For a given α with 0 < α < 1, we construct inductively a subsequence {x n k } such that
Then it is clear that T is fixed point free. Now,
By definition,
From the above inequalities, we get
for some τ > 0, showing that T is an F-contractive type mapping on a closed subset of X which is fixed point free. This is a contradiction. Now, we define Kannan F-contractive type mappings and prove some fixed point results for the same. 
Example 2.11 The functions defined in Examples 2.4 and 2.6 are also Kannan Fcontractive type mappings, while the mapping given in Example 1.8 is not a Kannan Fcontractive type mapping.
Theorem 2.12 Let (X, d, s) be a complete b-metric space and let T : X − → X be a Kannan F-contractive type mapping. Then T is a Picard operator.
Proof The result follows, following the proof of Theorem 2.2.
Consider the function T : X − → X given by
Now, for x ∈ [0, 1) and y ∈ [2, 3], we have
Also, for x, y ∈ [2, 3] with x < y, we have (10) . On the other hand, for x ≥ 2
and hence T is a Kannan F-contractive type mapping.
Hence, by the above theorem, T has a unique fixed point, the fixed point here being x = 1.
Incidentally, further calculation reveals that T is also an F-contractive type mapping with F(x) = log x.
In [19] , Garai et al. defined boundedly compact metric spaces as metric spaces in which every bounded sequence has a convergent subsequence. The same definition may be extended to b-metric spaces as well. It may be noted that this condition is slightly weaker than the condition of sequential compactness as the set of real numbers R with the usual metric is boundedly compact but not sequentially compact. It may also be noted that the completeness condition in the above result can be replaced by boundedly compactness condition of b-metric spaces.
Theorem 2.14 Let (X, d, s) be a boundedly compact b-metric space and T : X − → X be a Kannan F-contractive type mapping. Then T is a Picard operator.
Proof Let x 0 be an arbitrary point of X. Consider the iterated sequence {x n }, where x n = T n x 0 for every n ∈ N. We denote d(x n , x n+1 ) by μ n and suppose that μ n > 0 for all n ∈ N.
Then we have
The rest of the proof is similar to that of Theorem 2.12, using the fact that a Cauchy sequence is bounded. The uniqueness of the fixed point is derived from (11).
Example 2.15 Consider the b-metric space (X, d, s) given in Example 1.8. It is clear that every bounded sequence in X has a convergent sequence. Define T : X − → X by
Then T is a continuous Kannan F-contractive type mapping for e -3τ = 1 4 and hence by Theorem 2.14, T has a unique fixed point, which is x = 1 2 , here.
The proofs given for Theorems 2.2 and 2.12 do not hold if we replace the constants 1 3 and 1 2 by p with p = 1 3 and p = 1 2 , respectively. Here, we try to increase the value of p = 1 2 in Definition 2.10 and derive an existence result by assuming T to be an asymptotically regular mapping. For a metric space (X, d), a mapping T : X − → X is called asymptotically regular [10] if
For further details in asymptotic regular mappings we refer to [5, 11] and the references therein. 
for all x, y ∈ X. Then T has a fixed point z ∈ X.
Proof Let x 0 ∈ X be an arbitrary point (but fixed) and consider the sequence {x n }, where x n = T n x 0 , n ∈ N. Denote d(x n , x n+1 ) by μ n and suppose that μ n > 0 for all n ∈ N. Since T is asymptotically regular, we have
Now, since Tx n = x n for all n ∈ N, we have for
In the limit as n → ∞ we get 
Hence in the limit as n → ∞, we get (since
Since the convergent sequence {x n } converges to both z and Tz, it must be the case that Tz = z, as required. 
F-expanding type mappings
In [20] Górnicki defined F-expanding mappings and proved a fixed point theorem using the result in [46] . In a similar manner, we define new types of F-expanding mapping and prove a fixed point result in b-metric spaces. 
and d(x, Tx)d(y, Ty) = 0 implies
As in Example 1.7, F-expanding type conditions for F 1 , F 2 and F 3 may similarly be derived.
The idea behind the following results is from the paper of Górnicki [20] , in which he used the following lemma for metric spaces. It may be restated for b-metric spaces. By Theorem 2.2, T * has a unique fixed point z ∈ X and for every x 0 ∈ X the sequence {T * n x 0 } converges to z. In particular, z is also a fixed point of T since T * z = z implies that Remark 2.22 The above results may also be extended to other generalized metric spaces.
There are many applications of b-metric spaces in different directions (one may refer to [1, 2, 4, 9] ). In view of this, applications of the results obtained in this paper may also be investigated as regards different aspects.
